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Abstract. Let 5(A) be the cyclotomic g-Schur algebra associated to the Ariki- 
Koike algebra M We construct a certain subalgebra 5° (A) of 5(A), and show that 
it is a standardly based algebra in the sense of Du and Rui. 5° (A) has a natural 
quotient 5° (A), which turns out to be a cellular algebra. In the case where the 
modified Ariki-Koike algebra ,ji? b is defined, 5° (A) coincides with the cyclotomic 
q-Schur algebra associated to Jt° b . In this paper, we discuss a relationship among 
the decomposition numbers of 5(A), 5° (A) and 5° (A). In particular, we show that 
some important part of the decomposition matrix of 5(A) coincides with a part of 
the decomposition matrix of 5° (A). 



§0 Introduction 

Let Jif be the Ariki-Koike algebra over an commutative integral domain R with 
parameters q, g -1 , Qi, . . . , Q r 6 R, associated to the complex reflection group W n>r = 
G(r,l,n). In jD.TMaj Dipper, James and Mathas introduced the cyclotomic g-Schur 
algebras S(A) with weight poset A as a tool for studying the representations of the 
Ariki-Koike algebra Jtf. It is an important problem to determine the decomposition 
matrix of S(A). In the case where r = 1, the cyclotomic g-Schur algebra coincides with 
the g-Schur algebra of |DJj . In that case, under the condition that R — C and q is 
a root of unity, Varagnolo and Vasserot proved in |V Vj the decomposition conjecture 
due to Leclerc and Thibon |LTj . which provides us an algorithm of computing the 
decomposition matrix in connection with the canonical basis of the level 1 Fock space 
of type A. 

It is an open problem to determine the decomposition matrix for S(A) in the 
case where r > 2. It is known by jXj (see also |DM| ) that the determination of the 
decomposition matrix of S(A) is reduced to the case where r = 1 if the parameters 
satisfy the separation condition 

(S) q 2k Qi — Qj are invertible in R for \k\ < n, % ^ j. 

In jnj, Ugolov constructed the canonical basis of the level r Fock space of type A, 
and gave an algorithm of computing them. Assume that R = C, and that Qi = q Sl 
with Sf+i — Si > n for a root of unity q G C. In that case, Yvonne formulated 
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a conjecture which makes it possible to determine the decomposition matrix of <S(A) 
by means of the algorithm of Ugolov as in the case of r = 1. He showed in [Y] that 
the Jantzen sum formula for S(A) also holds for the Fock space side in an appropriate 
sense, which supports the conjecture. 

In this paper, we introduce a certain subalgebra S° (A) of S(A), motivated in 
|SawSj . and show that <S°(A) of S(A) is a standardly based algebra in the sense of Du 
and Rui |DRlj . <S°(A) has a natural quotient S° (A), which turns out to be a cellular 
algebra. We discuss a relationship among the representations of S(A), S° (A) and 
iS°(A). In particular we show, in the case where R is a field, that a certain important 
part of the decomposition matrix of S (A) coincides with a part of the decomposition 
matrix of S°(A). This reduces a computation of some decomposition numbers of S(A) 
to that of <S°(A) which seems to have a simpler structure than 5(A). 

The modified Ariki-Koike algebra Jif^ over R was discussed in |SawSj . which has 
the same parameter set as Jif, but under the condition that 

(*) Qi — Qj are invertible in R for any i ^ j. 

Note that the condition (*) is weaker than the separation condition (S). It is known 
in [S] that is isomorphic to Jt? when R is a field, and the parameters satisfies the 
separation condition. Let m = (mi, . . . ,m r ) be a tuple of non-negative integers, and 
V n ,r = V n:r (m) the set of all r-compositions A = (A (1) , . . . , A (r) ) such that A (i) G Z>*. A 
representation of J$? on a tensor space was constructed in [S] , where V = ©^ =1 V% 
and Vi is a free -R-module of rank m; satisfying the condition that 

(**) rrii > n for all i. 

In |SawSj we have defined the cyclotomic g-Schur algebra S (m, n) with the poset 
A = V nt r as the endomorphism algebra Endj^b V® n . Moreover, we have constructed a 
certain subalgebra S°(m,nf of 5(A) which has a surjective algebra homomorphism 
/ : S°(m, nf — > iS b (m,n). Note that S°(m ) nf (resp. 5 b (m, n)) coincides with the 
previous 5°(A) (resp. 5°(A)) whenever the conditions (*) and (**) are satisfied. 

By a result of |SawSj . the decomposition matrix of S' 9 (m 1 n) can be described in 
terms of the decomposition matrices for g-Schur algebras, which are computable by the 
theorem of Varagnolo-Vasserot. Thus our results determine a part of the decomposition 
matrix for S(A) in the case where R = C and the parameters Qi = q St are all distinct 
for a root of unity q E C. 

The details of the paper are as follows. In Section 1 we recall the notations 
and basic results on the representation theory of the Ariki-Koike algebras and the 
cyclotomic g-Schur algebras. In Section 2 we investigates the subalgebra S° (A) of 
S(A). We show that S° (A) is a standardly based algebra in the sense of Du and 
Rui [DRlj . which is a natural extension of the cellular algebra. Section 3 discusses 
the relationship between S° (A) and 5(A), and their Weyl modules and W x 

for a multipartition (or r-partition) A in A, respectively. More precisely, we show that 
Z (A ' 0) (g> (S o (A) 5(A) ~ W x . Even though <S°(A) is not cellular, the Weyl module Z (A ' 0) has 
the radical and we can discuss almost similar to the cellular theory, i.e, we can define 
irreducible modules L A of S° (A) in a similar way as defining of irreducible modules 
L x of S(A). In turn, in Section 4 we study the relationship between S^(m,n) (or 

iS°(A)) and S° (A) and their Weyl modules. For a multipartition A G A, let Z be the 
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Weyl module of S° (A). Since S° (A) is a cellular algebra, we can also define irreducible 

modules /A Because <S°(A) is a quotient of <S°(A) by S 00 (A), we can regard Z X and L A 
as (S°(A)-modules. Under this setting, we can verify that the decomposition number 

[Z : L M ] is equal to the decomposition number [Z^^ : Lq] for any multipartitions A, fi 
in A when R is a field. In section 5, we estimate the decomposition number [W x : Z^\ 
by working use of the induction of Z^ x ^ and the restriction of W x . Suppose that 
R is a field. Our main result asserts that [Z~ X : T] = [Z (x ^ : Lft] = [W x : L M ] for 
all multipartitions A,/i in A such that A = (A^, . . . , A^), /i = (//^, . . . , //^) with 
|A«| = Finally, we denote by [W aW : (1 < % < r) the decomposition 

number of L M in . Again suppose that i? is a field. Moreover, assume that 



A = V n ^{m) and the previous conditions (*), (**). Then, as a corollary, we have that 
[W x : IS] = U r i=i[W x(l) : L» (i) ] for all multipartitions A, jJL in V n ,r{fn) as above. 



0. Introduction 

1. Preliminaries on Ariki-Koike algebras and cyclotomic g-Schur algebras 

2. The standard basis for S° (A) 

3. A relationship between <S°(A) and S(A) 

4. A relationship between S b (m,n) and S° (A) 

5. An estimate for decomposition numbers 

§1 PRELIMINARIES ON ARIKI-KOIKE ALGEBRAS AND CYCLOTOMIC g-SCHUR 

ALGEBRAS 

1.1. Fix positive integers r and n and let & n be the symmetric group of degree n. Let 
R be an integral domain with 1 and q,Qi, ■ ■ ■ ,Q r be elements in R, with invertible q. 
The Ariki-Koike algebra associated to the complex reflection group W n ^ r = G(r, l,n), 
is the associative unital algebra = Jrff ntr over R with generators 7\, . . . , T n subject 
to the following conditions, 



It is known that is a free i?-module of rank n\r n . The subalgebra J^(& n ) of 
generated by T 2 ,...,T n is isomorphic to the Iwahori-Hecke algebra Jtf? n of the 
symmetric group & n . 

For i — 2, ... ,n let Si be the transposition (i — in ©„.Then {s2, ...,s n } 
generate & n . For w G & n , we set T w — T ix • ■ ■ T ik where w — • • • s ik is a reduced 
expression. Then T w is independent of the choice of a reduced expression. We also 
put L k — T k • • • T 2 T{r 2 ■ ■ ■ T k for k — 1, 2, . . . , n. Note that all L 1; . . . , L n commutes. 
Moreover, these elements produce a basis of Jf. 



Table of contents 



(T 1 -Q 1 )---(T 1 -Q r ) 
(T.-q^ + q- 1 ) 
T X T 2 T X T 2 
TT 

TiTi + \Ti 



0, 

(t > 2), 

T 2 T 1 T 2 T 1 , 

TjTi (\i-j\>2), 
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Theorem 1.2 ( |AK| Theorem 3.10]). The Ariki-Koike algebra is free as an R- 
module with basis {L^ 1 ■ ■ ■ L®"T W \ w G ©„, < aj < r for 1 < i < n}. 

Recall that a composition of n is sequence a — (oj, cr 2 , . . .) of non- negative integers 
such that | a | = ^\ o~i = n. a is a partition if in addition oi > 02 > • - • . If cr, = for 
all z > A; then we write cr = (cr 1; . . . , a^j- 

An r-composition (or multicomposition) of n is an r-tuple A = (A*- 1 -*, . . . , X^) 

of compositions with A^ = (\[ , A 2 , • • •) such that |A^^| + • ■ • + |A^| = n. An r- 
composition A is an r-partition if each A^ is a partition. If A is an r-partition of 
n then we write A h n. The diagram [A] of the r-composition A is the set [A] = 
{(i,j,s) I 1 < % < \j , 1 < s < r}. The elements of [A] are called nodes. The 
set of r-compositions of n is partially ordered by dominance, i.e, if A and /i are two 
r-compositions then A dominates /z, and we write A > /i, if 

x>i+£iAri>i>i+i>ri 

c=l j=l c=l jf=l 

for 1 < s < r and for all i > 1. If A > and A 7^ /i then we write A > /i. 

If A is an r-composition let &\ = & x w x • • • x 6 a m be the corresponding Young 
subgroup of & n . Set 

xx = yi i iHt ^ < = nn^ - $>)> 

ioSSa s=2fc=l 

where a s = |A^| + ■ ■ ■ + |A ( - S_1 ' ) | for 2 < s < r. If s — 1 then we set a s = 0. Set 
m\ = x\u\ = u\x\ and define M x to be the right ideal M x = m\Jif of Jtf. 

For any r-composition jj,, a /^-tableau t = (t^, . . . , t^) is a bijection t : \p] — ► 
{1,2, . . . , n}, where is a tableau of Shape(t^) = fi^. We write Shape(t) = ft if 
t is a /^-tableau. A //-tableau t is called standard (resp. row standard) if all tW are 
standard (resp. row standard). Let Std(A) be the set of standard A-tableaux. 

For each r-composition /z, let t M be the /i-tableau with the numbers l,2,...,n 
attached in order from left to right along its rows and from top to bottom, and from 
//W to/iW. If t is any row standard //-tableau let d(t) G & n be the unique permutation 
such that t = t M c?(t). Furthermore, let * : M 3 — > J4? be the anti-isomorphism given by 
T* =Ti foi i = 1,2, ... , n, and set m si = T* {s) m x T d ( t ). 

Theorem 1.3 ( |DJMat Theorem 3.26; Murphy bases]). The Ariki-Koike algebra Jif 
is free as an R-module with cellular basis {m sl \ $, t G Std(A) for some A h n}. 

Here, and below, whenever we write expressions involving a pair of tableaux (such 
as m si or ipsT and so on), we implicitly assume that the two tableaux are of the same 
shape. 

1.4. For each r-partition A let Jif x be the -R-submodule of with basis {m u t, | u, b G 
Std(/i) for some ji > A}. Then ^ A is a two-sided ideal of J^ 7 . 

Let S' A be the Specht module (or cell module) corresponding to the r-partition 
A. Thus, S x = (m A + J^ X )J^, a submodule of J^/J^ x . For each t G Std(A) let 
m t = m t A t + J4? x . Then S" A is free as an i?-module with basis {m t | t G Std(A)}. 
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Furthermore, there is an associative symmetric bilinear form on S x which is de- 
termined by 

m t x s m tt x = (m s ,m t )m t x t x mod Jf x 

for all s, t G Std(A). The radical radS* A of this form is again an ^-module, so D x = 
S x /radS x is an Jif '-module. When R is a field, D x is either or absolutely irreducible 
and all the simple ^-modules up to isomorphisms arise uniquely in this way 

We can now give a definition of the cyclotomic g-Schur algebras. A set A of r- 
compositions of n is saturated if A is finite and whenever A is an r-partition such that 
A > /j, for some \i G A then A G A. If A is a saturated set of r-compositions, we denote 
by A + be the set of r-partitions in A. 

Definition 1.5. Suppose that A is a saturated set of multicompositions of n. The 
cyclotomic q-Schur algebra with weight poset A is the endomorphism algebra 

S(A) = Endjr(M(A)), where M(A) = 0M A . 

AgA 

Let A be an r-partition and \x an r-composition. A A- Tableau of type // is a map 
T : [A] -> {(i, s) | % > 1, 1 < s < r} such that ^ = §{x G [A] | T(x) = (i, s)} for all 
i > 1 and 1 < s < r. We regard T as an r-tuple T = (T^\ . . . , T^), where is 
the A^-tableau with T^(i,j) = T(i,j, s) for all (i, j, s) G [A]. In this way we identify 
the standard tableaux above with the Tableaux of type w = ((0), . . . , (l n )). If T is a 
Tableau of type \i then we write Type(T) = \i. 

Given two pairs (i, s) and (j, t) write (i, s) ^ (j, t) if either s < t, or s = t and 
i < j. 

Definition 1.6. A Tableau T is (row) semistandard if, for 1 < t < r, the entries in 
T^> are 

(i) weakly increasing along the rows with respect to -<, 

(ii) strictly increasing down columns, 

(iii) (i, s) appears in only if s >t. 

Let 7o(A,/i) be the set of semistandard A- Tableaux of type \i and let 7o(A) = 
^o A (A) = U,GA^o(A,/i). 

Notice that if 7q(A, /x) is non-empty, then A > 

Suppose that i is a standard A-tableau and let /i be an r-composition. Let \i{f£) be 
the Tableau obtained from t by replacing each entry j with (i, k) if j appears in row i 
of (t^ fc) . The tableau /i(t) is a A-Tableau of type \x. It is not necessarily semistandard. 

If S and T are semistandard A- Tableaux of type /i and v respectively, let 

m ST = Yl q lim+mi)) m si . 

s,tGStd(A) 

For S and T as above we define a map ipsT on M(A) by tpsrijnah) = 5 au msTh, 
for all h G and all a G A. Here 5 au is the Kronecker delta, i.e, 5 av — 1 if a. — v 
and it is zero otherwise. Then (fsr is well-defined, and it belongs to S(A). Moreover, 

Theorem 1.7 ([DJMaJ Theorem 6.6]). The cyclotomic q-Schur algebra 5(A) is free 
as an R-module with cellular basis C(A) = {ipsT I S, T G Tq A (X) for some A G A + }. 



6 



NOBUHARU SAWADA 



The basis {^st} is called a semistandard basis of S(A). Since this basis is cellular, 
the map * : S(A) — > «S(A) which is determined by tp * ST = ipTS is an anti- automorphism 
of S(A). This involution is closely related to the *-involution on J^f. Explicitly, 
if tp : M v — > M M is an ^-module homomorphism then (p* : M M — > M" is the 
homomorphism given by ip*(m pi h) = (ip(m v ))*h, for all h G Jff. 

For each r-partition A G A + , we define S vX = S V (A) X as the i?-span of <psr such 
that S,T G T Q A (a) with a > A, which is a two-sided ideal of 5(A). We define the Weyl 
module W x by the right (S(A)-submodule of S(A)/S S/ (A) X generated by the image 
ipx = ip T x T x G <S(A) where T x = A(t A ). For each T G ^, A (A), let y? T be the image of 
y? T A T in VF A . Then the Weyl module W x is .R-free with basis {(p T \ T G ^ A (A)}. As in 
the case of Specht modules there is an inner product on W x which is determined by 

(f T \ S (p TT \ = (ip s , (p T )(p T \ T x mod S vX . 

Let radVF A = {x G W x \ (x,y) = for all y G W x }. The quotient module 
L x = W x /i&dW x is absolutely irreducible and {L x | A G A + } is a complete set of 
non-isomorphic irreducible (S(A)-modules. 

1.8. For an r-composition /i, we define the type a = a(fi) of fi by a = (rii, . . . ,n r ) 
with rii = and the size of /x by n = X^i=i n «- We a l so define a sequence a = 

a(/i) = (ai, . . . , a r ). (Recall that a { = ^fc=i l/^l = Y!k=i n k-) 

We define a partial order > on the set Z> by a > a' for a = (ai, . . . , a r ), a' = 
(a' x , . . . , aj,) G Z> if a, > a- for any i. We write a > a' if a > a' and a ^ a'. It is clear 
that 

(1.1) If A > /j, then a(A) > a(/i) for r-compositions A,//. 

Hence if %(X, //) is non-empty, then A > //, and so we have a(A) > a(/i). 

For any r-partition A and r-composition /i, we define a subset 7^ + (A, /i) of %(X, fj) 

by 

T +(A,/i) = {S G T (A,/i) | a(A) = a(/i)}. 

Note that the condition a(A) = a(/x) is equivalent to a(A) = a(/i). Take S G 7^ + (A,/i). 
Then one can check that S G 7^ + (A,/i) if and only if each entry of is of the 
form (i, k) for some %. Hence in this case can be identified with a semistandard 
A^-Tableau of type fx^ under the usual definition of the semistandard Tableaux for 
1-partitions A^ and 1-compositions fj,( k \ It follows that we have a bijection 

T+(A )/U ) ~T (A(V) x ... x T (AW,^)) 

via 5 <-> (,S (1) ,...,5 (r) ). Moreover, if s G Std(A) is such that //(s) = 5 with 5 G 
7^ + (A, /i), then the entries of i-th component of s consist of numbers Oj + 1, . . . , Oj + i 
for a(A) = ( ). In particular, d(s) G 6 a for a = a(X). 

Fix an r-tuple m = (mi, . . . , m r ) of non-negative integers. Then, an r-composition 
H = (//^, . . . , n^) with //W = . . . G Z>^ is called an (r, m)-composition, 

and (r, m)-partition is defined similarly. We denote by V n>r = V n ^{ra) (resp. V n , r = 
V ntr (m)) the set of (r, m)-compositions (resp. (r, ra) -partitions) of size n. (Note 
that P„, r (m) are naturally identified with each other for any m such that m; > n. 
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However, V n ,r depends on the choice of m.) Finally, let 

C°(A)= U WgC(A) Se%(\,ri, Te%(\,v), 

n,veA, agA+ 

a(A) > a(/i) if a(fi) ^ oi(u)} 
and we define 5° (A) as the .R-submodule of S(A) with basis C°(A). 



§2 The standard basis for <S°(A) 

2.1. In [SawS , the i?-submodule 5° (A) was constructed as an i?-subalgebra of 5(A) 
when A = V n ,r subject to the conditions (*), (**) in Introduction. But, as a fact, S° (A) 
becomes an i?-subalgebra with no condition and it become a standardly based algebra 
in the sense of [DR1 which is an extension of the cellular algebra. The standardly 
based algebra has a basis, namely standard basis, corresponding to the cellular basis 
in the case of the cellular algebra. The aim of this section is to prove that <S°(A) is an 
i?-subalgebra of 5(A) and C°(A) is a standard basis for <S°(A). 

First, we recall the definition of standardly based algebras in |DRlj . 

Definition 2.2 (|DR1 ). Assume that R is a commutative ring with 1. Let A be an R- 

algebra and (A, >) a poset. A is called a standardly based algebra on A (or standardly 
based) if the following conditions hold. 

(a) For any A S A, there are index sets I(X),J(X) and subsets 

^ A = K, \(i,j)el(\)x J(A)} 

of A such that the union = |J &/ x is disjoint and forms an R-basis for A. 

AeA 

(b) For any a G A, aA g srf , we have 

a ■ a i,j = J2 fi'A a J) a i> j m °d A(> A) 

i'£/(A) 

a i,j' a = E f\,j'U> a ) a i,f mod A(> A), 
i'eJ(A) 

where A(> A) is the R-submodule of A spanned by ^/^ with fi > X, and fii y \(a,i), 
f\,j'(j,a) G R are independent of j and i, respectively. Such a basis is called a 
standard basis for the algebra A. 

Note that the cellular algebra is a special case of the standardly based algebras. 
We prepare some notation. 
Let 

Q = (A+ x {0, 1}) \ {(A, 1) | = for any ^ G A such that a(A) > a(/i)} 
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and we define a partial order (Ai,£i) > (A 2 ,£ 2 ) on Q by (Ai,£i) > (A 2 ,e 2 ) if Ai > A 2 , 
or Ai = A 2 and e\ > e 2 . For a (A, e) G Q, we define index sets J(A, e), J(X,e) by 



J(A,£) 



J(A,£) 



T+(A) ife = 0, 

U r (A,/i) if£ = i, 

^teA, a(A)>a(/i) 

T+(A) if e = 0, 

MX) if e=l, 



where M~W = |J^ eA 7^ + (A, /x). Then I(X,e) and J(X,e) are not empty for all (A,£:) G 
12. Assume that (X,e) G ^. We define a subset C°(A,e) of <S°(A) by 



C°(A,£) = I (S,T) G J(A,£) x J(A,£)}. 

It is easy to see that 

(2.1) the union C°(A,£:) is disjoint and is equal to the set C°(A). 

(A,e)ei? 

First, we need the following Lemma. 

Lemma 2.3 ( |M2j ). Suppose that A, G A + and \i%,Vi G A (i = 1,2). Assume that 
<£>SiTi, ¥s 2 t 2 e C(A) w/iere Sj G 2^(Ai,/^) ; T; G 7^(Ai,^). T/ien 

AeA+, \>X 1 and\2, 
SeT {X,fii), TeT (X,u 2 ) 

where r ST G R, and S vifl2 is such that S Ulfl2 = 1 if V\ = fj,2 and it is zero otherwise. 

Proof. This lemma was shown by Mathas jM2l (2.8)]. However, since this fact itself is 
important for later discussions, we give the proof here. 

It is sufficient to consider the case where z/ x = fi 2 - For all fi G A, by definition 
of ipsT, we may suppose that (ps 2 T 2 ( m ^) — ^u 2 m s 2 r 2 = ^u 2 m n 2 h with some h G Jtff. 
Since m SlTl G M Ui * n M w (i = 1,2), we have ((p SlTl ■ ^&t 2 )(wv) = 5^ 2 m SlTl h G 
ikP 2 * n Af* 1 . By [D.lMal Proposition 6.3], we deduce that 

m Sl T 1 h= ^2 r S T-m S T 

xeA+, 

SeT (A, m ), Te%(X,u 2 ) 

where rsr G R. Therefore, 

(fSiTi ■ Ps 2 t 2 = 22 TsT ' {psT ' 

aga+, 
5er (A, Ml ), Ter (A^ 2 ) 
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Note that the set {ifsr} is the cellular basis for S(A) by DJMa, Theorem 6.6]. Then 
by the property of cellular basis, the last sum is over A G A + with A > Ai and A > A2, 
S G 7o(A,/ii) and T G %(X, v<i). This proves the lemma. □ 



For all A G A + , //, v G A with T (X, fi), %(X, v) 7^ and every S G %(X,fi), 
T G 7o(A, z/), since definitions of <psT and rrisT we find that 

(ip ST xip T x T )(m^) = b^y ■ ip ST x(m T x T ) = 5^ u ■ ip ST x(m x ) Y T d(t) 

testd(A) 

u(i)=T 

= ' m ST>> J2 T d(t) = d/i'u ■ m S T 

testd(A) 

v{i)=T 

where fx' G A. Therefore, 

(2.2) ip ST x<p T x T = ipsr (for V S' G 7^ (A, /i), v T G %( A, 1/)). 

The next lemma is a sharper version of Lemma 12.31 

Lemma 2.4. Suppose that Aj G A + and /ij, z/j G A (z = 1, 2), and /e£ v\ = fi2- Assume 
that ips^u ^s 2 t 2 e C°(A) w/iere Si G %(Xi,fn), T { G T (Xi,Ui). Then 



Y r ST ■ <fsr + E Y r sr- fST, 



< E E r 5T • V?ST, 

A>Ai (p ST gC°(A,l) 

E E r ST ■ VST, 
A>A 2 (p ST eC°(A) 

Y Y r ST- VST, 

{\>X 2 <^ S t6C0(A,1) 



if<p Sin eC°(Ai,l), 
t/^ eC°(A 2 ,0), 
z/>s 2 t 2 e C°(A 2 , 1), 



where r ST G -R and C°(A) = C°(A,0) U C°(A, 1) and a// X,S,T occurring in the above 
formulas are such that X G A + , and £/*e semistandard Tableaux S, T with Type (S) = fi\ 
and Type(T) = z/ 2 , respectively. 

Hence the S° (A) z's a subalgebra of S(A). 

Proof. By LemmaESl fSin - V 9 5 2 t 2 is a linear combination of <psr, where S G %(X, /ii), 
T G T (A, u 2 ) with A G A+, A > Ai and A 2 . 

First assume that (ps^ G C°(Ai, 0). Then for the above (psr, we have a(A) > a(/z) 
if a(/i) 7^ «(z/ 2 ) since v ? 5 2 t 2 G C°(A) and A > A 2 (Note that fi>u^- a(fi) > a(z/) for 
fi, v G A. cf. (HD). So <^5T G C°(A), hence <p S T G C°(A, 0) U C°(A, 1). Moreover, the 
case ipsr G C°(Ai, 1) cannot happen. In fact, if it happens, then a(Ai) 7^ a(fi\) which 
contradicts our assumption that y^SiTi G C°(Ai,0). Therefore, the first equality holds. 

The second equality is easy. In fact, assume that ipsiTi G C°(Ai,l). Then (psr, 
as in the previous case, are elements in the C°(A, 1) since A t> Ai and a(Ai) > a(/zi). 
Hence we obtain the second one. 
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Next assume that (ps 2 T 2 £ C°(A 2 ,0). If a.{fii) 7^ 01(1/2), then the definition of 
C°(A2,0) and our assumption fii = V\ implies that a{fi\) 7^ a(vi). It follows that 
a(Ai) > a(/ii) since (fs^ £ C°(A). Thus we have a(A) > a(/xi) by A > Ai. This shows 
that ip ST is in C°(A). Therefore tpsr £ C°(X, 0) UC°(A, 1) and the third equality holds. 

Finally, suppose that ips 2 T 2 £ C°(A 2 , 1). If a(pi) = ot{vi) then a(A 2 ) > a(//i) since 
<£>s 2 t 2 ^ C°(A2, 1) and /i2 = v\ by our assumption. Hence a(A) > a(/xi), since A j> Ag- 
On the other hand, if a(fii) 7^ ol{i>\) then also a(A) > a(//i) and <^SiTi G C°(A) and 
A > Ai. This argument means that tpsr G C°(A, 1) and hence the fourth equality holds. 
The lemma is proved. □ 



2.5. Let n G A. We define y?^ G 5(A) as the identity map on M M and zero map on 
M K with Moreover, let ls(A) be the identity element of S(A). Then, from the 

definition, we can write ls(A) = E/xeAVV ^ n t ne other hand, since ip^(m^) = m M G 
M M * n Af, we have 

<Pti{™>ti) = ^2 rs > T ' msT ( rs ' T G ^) 

5,Ter (A, A1 ) 
AeA+ 

by DJMa, Proposition 6.3]. This shows that 

(2.3) tp ll = ^ r s,T-¥sT ( for any fi G A). 

s,Tero(A,M) 
aga+ 

Thus all the (fsr m the right hand side are contained in C°(A). Hence we have 

(2.4) ls(A) = X) S r s,T-^TG5°(A). 

^eA S,T£T (\,fj,) 
AeA+ 

For any (A, e) G J7, we define by Sq^ X ' £ ^ = «S°(A)(> (A, e)) the i?-submodule of 
<S°(A) spanned by <puv where (U, V) G I(X',e') x J(X',e') for some (A', e') G Q with 
(A',0 > (A,e). Note that <S°(A)nS vA = 5 V(A,1) for every A G A+. Similarly, we define 
*S°(A)(> (A, e)) as the i?-submodule spanned by ipuv with (A',e') > (A, e). 

We can now state. 

Theorem 2.6. The subalgebra <S°(A) is standardly based on (J?, >) with standard basis 
C°(A), that is, 

(i) The union |J C°(A, e) = C°(A) zs disjoint and forms an R-basis for <5>°(A) . 

(A,e)efi 

(ii) For am/ 99 G <S°(A) ; tpsr £ C°(A, e), we have 



V 3 ■ Vst = E fs>,(\,e)(<P, S) ■ ips'T mod 5q (A,£) 
(2 5) S'e/(A, e ) 

V?st • V 9 = E f(\,e),T'(T, ifi) ■ <Pst> mod 5q (A,£) , 

T'eJ(A,e) 
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where (f S 'T,<PST' e C°(A) and fs',(x^)(<p,S), f(x,e),T>(T,cp) G i? are independent of 
T and S , respectively. 

Proof. The first condition (i) is immediate from (|2.1|) . We show (ii). Take ipsT €■ 
C°(X,e) and G <S°(A). Note that (fsr is an element in C(A) which is the cellular 
basis for 5(A) and </? is an element in 5(A). Hence, by the property of cellular basis, 
ip st " V 9 can be written as 



(pgj, .(p= ^2 r T , ■ LpsT> + ^2 ruv ' ^ uv 

T'eTo(X) A'eA+, A'oA 

u,veT (\') 



with rx'i ruv £ -R? where r^' does not depend on S. Then by rewriting (p as a linear 
combination of the basis elements in C (A) and by combining the formulas in Lemma 
12.41 we obtain the second equality. By a similar argument, applying the third and 
fourth formulas in Lemma 12.41 instead, the first equality also holds. The theorem 
follows. □ 

2.7. (cf. |DRlp . Let A be a standardly based algebra on A as given in 12.21 For 
any A G A, let f\ : J(A) x /(A) — > R be a function, whose value f\(j,i') at G 
J (A) x /(A) is defined by 

= htii i ') a ij' mod A )- 
The function f\ induces a bilinear form (3\ : A x x A x — ► such that fix^d^a^,) = 
f\{j',i), where A A is the free .R-submodule of A spanned by for all G /(A) x 
J(A). We say A is a standardly full-based algebra if lm(/3x) = R for all A G A. 
The following result has been proved by Du and Rui |DR2[ (3.2.1), (4.2.7)]. 

Theorem 2.8 QDR2). Suppose that A is a standardly based algebra. 

(i) Let R be a commutative Noetherian ring. If A is a standardly full-based algebra, 
then A is a quasi-hereditary algebra over R in the sense of |CPSj . 

(ii) If R is a commutative local Noetherian ring, then A is split quasi-hereditary if 
and only if A is a standardly full-based algebra. 

2.9. We shall show that the <S°(A) turns out to be a standardly full-based algebra 
under a certain condition. For (A, 1) G f2, put A = (A^, . . . , A^), A« = (A?, . . . , A§) 
and take the smallest positive integer / such that |A^| ^ (1 < I < r). Note that I ^ r 
since (A, 1) G Q. Then, one can define an r-partition A* associated to A as follows, 

At = (At( 1 ),...,AtM), 

At« = (M^^, At^ 1 ) = (V^l) , 

|A< ! )|-1 times |A( I + 1 )|+1 times 

AtO') = (M__ 1 l) (j ^1,1 + 1). 

I A") | times 

(If |A^| = then \W) is the empty partition.) 



12 NOBUHARU SAWADA 

We remark that A* is defined only when (A, 1) G f2, and it satisfies the property 

(2.6) a(A) > a(A t ). 

Moreover, let T A t be a semistandard A-Tableau of type A^ in which the entries are 
laid in increasing order from "left-upper" to right along the rows. (The "left-upper" 
means that the left has priority over the upper.) For example, if A = ((3, 2, 1), (2, 2)) 
then A f = ((1 5 ),(1 5 )) and 



— 



(2,1) 1 (3,1)1 



(2,2) 


J 


U.J, 


(5,2) 



Thus, if s G Std(A) and A f (s) = T A t then s = t A . 
Finally, let 

n ) — 1 

p n ( g ,Q 1 ,...,Q r )=n( i +?+---+^" i )-n n ^qj-q^)- 

i=l j=l —n<k<n 

We have the following result. 

Proposition 2.10. Assume that R is a commutative Noetherian ring. Suppose that 
Pn{q,Qi, ■ ■ ■ ,Qr) £ R is invertible, and A^ G A + for any (A, 1) G Q. Then «S°(A) is 
the standardly full-based, and hence is quasi-hereditary over R. 

Proof. For all (A, e) G f2, it is enough to show that there exists some T G /(A, e) fl 

J(X,e) such that (<^tt) 2 = r ■ <ptt mod 5 V(A ' £) with r e R invertible. If (A, 0) G Q 
then one can take T = T x . Since ip T \ T \ is the identity map on M A , this case is 
immediate. 

Assume that (A, 1) G Q. First, we claim that 

(2.7) m x -(L lx(l) \-Qi + i) = (q 2k Qi-Qi+i)-m x mod Jf x 

where I is the integer attached to A as in 12.91 and k is some integer such that \k\ < n 
and M'^ is as in II .41 In fact, applying James-Mathas' result [JM, Proposition 3.7] for 
t A and |A^|, we see that m\ ■ Li A (oi = q 2k Qi • m x mod Jf x and hence f)2.7j) holds. 

Now, by ()2.6|) and by our assumption, one can choose the element <p T \i T \j G 
C°(A, 1). For any \il G A, we have tp T \^ T ^{rn^ = 5^^ ■ m t \ t \ = 5^^ ■ m x . Hence 

(V9 T A tT A t ) 2 (m M /) = 5 A1 / At (v?TMTM)(m A ) = S^ X i(lf T M T M)(u^X X ) 

(2.8) = 5 A1 / A t(<^TMTM)(m A t(L| A(i )| - Qi+i)x x ) 

= <W • m x( L \\W\ - Ql+l)x\ 

where the second and the third equality follows from the definition of m A and m A t, 
respectively. Note that m x x x = P(q)m x where P{q) is some products of Poincare 
polynomials. Therefore, by (J2.7|) . we have 



(V? T MTM) 2 (m M /) 



P(q) ■ (q 2h Qi - Qi+i)m x + h if ^ = At 

otherwise 
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where h G J^ x . Now, by definition, (^ T A tT A t ) 2 (m At ) G M A * n M A . So, by [D.lMal 
Proposition 6.3], ((p T M T M) 2 (m\i) = Yli r uv m uv where r uv G R and the sum is over 
U, V G 'To (a, A*) for some a G A + . Hence, by ()2.8j) and by a property of cellular basis, 
we deduce that 

P(q) ■ (q 2k Qi - Qi+x)m x = (<p T M T M) 2 (m X f) mod J^ x 

= m\(L\ X (i)\ - Qi + i)x\ = m T A tT At(L| A( o| - Qi+i)x x 
'eT (A,At) r T im T \\ T i + Ylvy ru'v^u'v 

where r T ^ryiyi G R and the last sum is over U',V G T (a,X^) for a G A + such 
that a > A. Comparing the coefficient of m T \^ T , on both sides reveals that r T At = 
P{q) ■ (q 2k Qi - Qi+i) and r T , = unless V = T x l Thus, (^ T A tT A t ) 2 (m At ) = P(q) ■ 
{q 2k Qi - Q/+i)(y>TMT*t)(m A t) + Etf'. 

y , r[/'y/<y9;7/v'(m A t). Consequently, (^ T At T At) 2 = 

P(g) • (g 2fc Q/ - Qi+i) ■ Vt^tm mod 5q (A,1) . By our assumption, P(q) ■ {q 2k Qi - Qi+i) 
is invertible and the proposition follows. □ 



§3 A RELATIONSHIP BETWEEN 5°(A) AND 5(A) 

3.1. We shall describe a relationship between the original cyclotomic g-Schur algebra 
5(A) and its P-subalgebra 5° (A). 

Because 5(A) is equipped with the involution *, we can define subsets 5° (A)*, 
C°(A)* of S(A) by 

5°(A)* = {^* | v G 5°(A)}, C°(A)* = { V * ST | ^ ST G C°(A)}, 

respectively. Then 5° (A)* is an P-subalgebra of 5(A). Moreover, observe that <S°(A)* 
turns out to be a standardly based algebra on C°(A)* by applying the involution * to 
Theorem 12.61 

Proposition 3.2. S{A) = 5°(A) ■ S°{A)* = £ AeA+ S°{A) Vt x t xS°{A)* . 

Proof. For all A G A + , /i, v G A with 7o(A, //), ^7o(A, z/) 7^ and for any 5 G 7o(A,/x), 
T G 7q(A, 1/), we certainly have fsr x G C°(A) and hence (v?tt a )* — ¥>t a t £ C°(A)*. 
Moreover, by using (|2.2j) . we see that all the basis C(A) for 5(A) is contained in 
5°(A) • 5°(A)*. Hence 5(A) = 5°(A) • 5°(A)*. Finally, for any S G T (A,/i), T G 
T (X, v), we see that <p ST \ip T \ T = tp ST \Lp T x T xLp T x T e 5°(A)v9 t a t a5°(A)*, so the last 
equality follows. □ 

Next we introduce the Weyl module for 5° (A). By ()2.5|) in Theorem 12.61 it is 
easy to see that P-modules 5°(A)(> (A, e)) and 5q = 5°(A)(> (A, e)) are two- 
sided ideals of 5°(A). Fix a (A, e) G Q. For S G J(A, e), we define the Weyl module 
4 A,£) for 5°(A) by the P-submodule of {5°(A)(> (A, e))}/{5°(A)(> (A,e))} with 
basis {<pst + 5 V(A,£) | T G J(A,e)}. Moreover, by (1331) . we see that Z^ A,e ' ) is the right 
5°(A)-module and the action of 5° (A) on Zg^ is independent of the choice of S, i.e, 
for all 5i, S2 G J(A, e). However, since T A is not an element in J(A, 1) 
for (A, 1) G one should pay attention that there is no "canonical" -Weyl module 
for the case (A, 1). (That is, we can not define Z^\) For the convenience sake let 
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z (x,o) = z (A,o) and put = lfTXT + S ^) for any T e j( A)0 ) = T +(A). We can now 
prove the following. 

Theorem 3.3. Let A G A + . Then there exists an isomorphism of S (A) -modules 

z (m ^(A) 5(A) ~ w/ A 

which maps tp^^ ® <P t° Pt^^P- 

Proof. First we note that Z^' ^ = <^ A iS°(A). In fact, since 5g < ' A,0 ' ) is a two-sided ideal 
of 5(A), for any T 6 ^o + (A, /i) with \i G A, we have <^ A • <£> t a t = ^ by ()2.2|) . Now we 
can write Z( A,0 )® i5 o( A )5(A) = A ® 5 o(A)l)-«S(A). On the other hand, we can also write 
147 A = <^ TA -5(A) (note that </2 t a = ip T x T x +S vX ). Hence it is enough to find two 5(A)- 
homomorphisms / : cp T x -5(A) — > (y?° A ®<s°(A) 1) • 5(A) and g : (<p° A ®so( A ) 1) • 5(A) — > 
y? T A • 5(A) such that f(fT x ) = <P T X ®s°(A) 1 an d <?(^ta ®s°(A) 1) = V 9 ^- We first 
define /. Consider the 5(A)-homomorphism / : ip T \ T x ■ 5(A) — > (y?° A ®s0( A ) 1) • 5(A) 
satisfying f(<p T x T x) = </>° A <S>s°(A) 1- Note that / is a well defined homomorphism. To 
see this we take an element (f G 5(A) such that cp T x T \(p = 0. Write y? = E r x',sr • Pst 
for some ry,sr £ -R where <^^ T = ipsr with S,T E ^o(A') and the sum is taken over 
r-partitions A' G A + and semistandard tableaux S,T G 7q(A'). Then, since ip T x T x is 
the identity map on M A and is zero on M K for A ^ k G A and {<^5t} is the basis for 
5(A), r x >, S T = whenever S G 7o(A',A),T G %(X',u) with A' G A+ and v G A. It 
follows that ^ota' ^ 5° (A) for all S 1 G ^o(A') such that ry t sr 7^ 0. Hence, by using 
(l2~21) . we have 

®5°(A) V 9 = ®S°(A) (E r A',5T • <Pst) 

= f° T x ®50(A) (E r A',ST • ^ A ' TA ,<^ A ' A , T ) 
= J2 r y,ST{f° T x ®5«(A) Vs T x' ■ f T \' T ) 

= E rx;sr((p^x • ®«s°(A) ¥>£v t ) 

where all sums are taken over A' G A + and S, T G 7q(A'). Now we have 99° A <^ A ' TA , = 
unless S is the tableaux of type A, and ry t sT = if 5 is of type A. It follows that 

f T \ ®5°(A) V 9 = an d so / is well-defined. 

Take ip$ T G 5(A) where S, T G 7q(q;) with a G A + and suppose that 7^ 
{p T * T \{Ps T G 5 vA . Then 5 G To (a, A) and so <pg T = ip T x T xipg T G 5 vA since tp T x T x 
is the identity map on M A . Thus, a > A. Furthermore, again by using (|2.2|) and 
the property that p>sT a G 5° (A), we have y?° A ® 50(A) <£s T = (f^x ■ <Psr a ®s°(A) p T a r- 
Since <^5 Ta is an element in the standard basis C°(A) for 5° (A) and a > A we have 
ip T x TX ipg T a G 5q^ A,1 \ Thus, <f^x-<fs T c = and then ^x®s {A)fsT = 0- ^ follows that 
/(5 vA R ip T x T x ■ 5(A)) = 0. So / induces an £(A)-homomorphism / from ip T x ■ 5(A) 
to (ip° T x ®s°{K) 1) • 5(A) such that f{ip T \) = tp° T x ®s^{A) 1- 

Next we define g. To do this we define the 5°(A)-balanced map g from the direct 
product module y9° A <S°(A) x 5(A) (for the right 5°(A)-module y2° A <S°(A) and the 
left 5°(A)-module 5(A)) to (p T xS(A) such that g((<f^ x (p', tp)) = ({p T xip')(p for any 
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(p 1 G S° (A) and (p G Since the first two formulas in Lemma 12.41 assert that 

S vX if (p T \ T \(p' G S , we see that g is a well-defined 5°(A)-balance map. 
Then by using the universality property of the tensor product, g is defined. □ 

The following lemma is an analogy of Lemma 6.7 (i) in |SawSj . 

Lemma 3.4. Suppose that A G A + . We regard W x as right S° (A) -module via the 
restriction. Then there exists an infective S°(A)-module homomorphism fx : — > 
W x such that f x {<p° T ) = <f T for T G J(A, 0) = T + (A). 

Proof. First, We can write = <p T x T xS°(A)/ {<p T x T xS°(A) n 5 V(A ' 0) } and W x = 

{p T \ T \S(A)/{{p T \ T \S(A) fl 6> vA } and, moreover, there exists an inclusion map 

</? t a t a<S (A)/{^ t a t a<S (A) n S vx } ^ tp T x T xS(A)/{<p T x T xS(A) n S vx } = W x 

since S° (A) C <S{A). Then we have a natural surjective 5°(A)-module homomorphism 

/ : VT x T xS°{A)/{^ T x T xS°{A) n 5 V{A ' 0) } -> ^ T x T xS°{A)/{ VT x T xS°{A) n s VA } 

since 5 V(A ' 0) C S vx . But since <S°(A) f)S vX = S V(A ' 1} C 5 V(A,0) , we have ((p T x T xS°(A) n 
S vA ) C <S V(A ' 0) . Hence (</? t a t aS°(A) n <S vA ) C (<p T x T xS°(A) n <S V(A ' 0) ) and, therefore, 
(<p T x T xS°(A) n S vA ) = (^ t a t a5°(A) n 5 V(A,0) ). Consequently, / is an isomorphism. 
The statement for the basis now clear. □ 

Take a (A,0) G Q. Then /(A,0) = J(A,0) = T +(A). Hence, by (Q in Theorem 
12.61 we have the following. 

3.5. Suppose that S,T G 7^ + (A). Then there exists an element r$r G i? such that for 
any U,VeT+(X) 

— J c v ( A .°) 

y?t/s • <Ptv = r,sT ■ fuv mod 6 . 

We define a bilinear form ( , )o : Z^ x ' ^ x Z^^ Rby (^5, <£>t)o = r ST- Hence 
we have 

(3.1) (<p° s , tp%) ■ (p uv = tpus ■ Vtv mod S V(A,0) , 
where U and are any elements of 7^ + (A). It is easy to see that 

(3.2) (<p° s , (f° T ) = (<p s , (p T ) for every S,T G T + (X). 

Let radZ( A '°) = {x G Z( A ' ) | (ar,j/) = for all y G Z^}. 
Lemma 3.6. radZ^' ' is an S°{A)-submodule of Z^. 

Proof. Take x G radZ^ A ' ^ and y G Z^ x '°\ and write x = Y^TieT+(\) r Ti ' V^Ti anc ^ 
V = Er 2 er+(A) r §? • Vt 2 e ^ (A,0) with r$ , G i2. Then, for any if G 5° (A), we have 
(x<f,y) = T, Tl ,T 2 eT+(x) r Ti r T2( ( fT 1 ( P, ( PT 2 )o- We claim that 

(3-3) (<p° Tl ¥, ip° T2 ) ■ fsxs 2 = {<Ps 1 n ( P) ( Py,s a mod <S V(A,0) 
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for any S±, S 2 G 7^ + (A). In fact, since tps^ G C°(A, 0) and if G <S°(A), Theorem 
implies that 



Vs 1 t 1 ■ ¥ = /(a,o),t(Ti, v?) • y^T mod <Sq 

TeT+(A) 



V(A,0) 



where /(a,o),tC?i, G i?. Hence, 



(<£>SiTi ■ V 2 ) • V^TaSa = E /(A,0),t(^1, V 2 ) " V?SiT • <^T 2 S 2 

= E /(a,o),t(7i, ¥>) • </4 2 )o • 

TeT+(A) 



= ( E /(a,o),t(Ti, y>) ■ ^ 2 ) • <^ Sl 



So- 



Ter+(A) 

On the other hand, by the definition of ip% and by Theorem 12.61 we have 

1 , c v ( A .°h 1 C V ( A >°) 

ip^-ip = (ip T x Tl + S )-(p = ^T^n -p + So 

= E /(A,o),r(2i, v?) ■ <Pt x t + <Sq (A ' 0) = E /(a,o),t(2i, V?) • <Pr- 
tgT+(a) TeVW 

Note that <Sq < " A '°^ is a two-sided ideal of <S°(A) in the second equality. (|3.3|) follows 
from this. By Theorem EHH one can write <p ■ tp T2 s 2 = Es g t+(a) fs,(\,o)(<P, T 2 )(pss 2 - 
Then by f|3.3|) . we have, for T 2 , S2 G 7^ + (A), 

(V2lV> ^T 2 )o • V5 1 S2 = (fPSiT,. ■ <P) ■ <PT 2 S 2 = VSiTi • • VT2S2) 

= ¥>Stfi • ( E fs,(\,o)(<P, Tz) ■ <fiss 2 ) 
seT+(\) 

= E fs,(\,o)(¥,T 2 ) ■ (Pt^P^o ■ Vs^ 
5er+(A) 

The last equality follows from (|3.1|) . Since v 9 s , i5 2 are f ree -R-basis of <S°(A) and ^Si-Sfc ^ 
5q ( ' A ' ' ) , we have 

5er+(A) 
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Hence 

{x(p,y) = E r$ ■ ■ (tp^tp, <p%) 

Ti,T 2 G^+(A) 

= E rgVgM E /5,(A^(^T 2 )-<A,^>o) 
Ti,T 2 e^+(A) ser+(A) 

= E rg.( E /5, ( a,o)(^T 2 )-( E rW.(^y ff >„)) 
T 2 er+(A) seT+(A) r x e^+(A) 

= E E /5,(A,o)(^T 2 )-(x,^)o) 

T 2 er+(A) ser+(A) 

= E rg-( E /5,(A,o)(^r 2 ).^)>o. 

T 2 eVW S"er+(A) 

Since E E /s,(a,o)v>, ^2) -^s) G Z( a ' ) andx G iadZ^°\ the last formula 

is equal to 0. This shows that xip G ia,dZ^ x '°\ It is immediate that if Xi, x% G radZ( A '°) 
then X\ + x 2 G radZ^' ^. Thus, the lemma follows. □ 

We put L A = Z( x, °^ /r&dZ( x '°\ Then we have the following. 

Proposition 3.7. Suppose that R is a field, and A G A + . Then 

(i) L A ^ and 

(ii) radZ( A -°) is the unique maximal submodule of Z^ x ^ and L x is absolutely irre- 
ducible. Moreover, the Jacobson radical of Z^ x ^ is equal to radZ^ x '°\ 

Proof. For any A G A + , we have y?° A G Z^^ and ^x T \^>%\ T \ = V^t*- Hence 
(<^° A ,</^ A )o = 1^0. Thus, ip^, x G" radZ( A,0 \ and we have L x ^ 0. This proves 
(i). Let x G Z^V \radZ( A '°). Then (x,y) ^ for some y G Z^ A '°\ We write 
V = J2ser+(x) r s ■ <P% For each T e T o + ( x ) set 2/t = EseVPO r ^ ' ^ 5T ' an element of 
5° (A). Moreover, write x = Ei/gr +(A) r t/ ' fu- We no ^ e that fu ' Vst = (v 9 ^) ¥>s)o ' V^t 
in Z^ A ' ^ by (|3.1j) . Thus we have 

xyr = E r s r t/ ■ VuVst = E r s r t/ ■ (<Pu, ¥°s)o • <^r 
s , ,c/er+(A) s,ueT+(\) 

= ( E r £/¥^ E r S (p°s)o-(p%=(x,y)o-<p%.. 
ueT+(\) ser+(\) 

Now _R is a field and (x,y)o 7^ 0. Hence we have x ■ (l/(x,y)o) ■ yr = y^r for any 
T G 7^ + (A). Consequently, x generates Z^ X ' QS) as an <S°(A)-module. This argument can 
be applied to any element of Z^ x ' ^ which does not belong to the radical. It follows 
that radZ( A '°) is the unique maximal proper submodule of Z^ x, °^ and L x is irreducible. 
The same argument shows that L x is irreducible for any extension field of R, so L x is 
absolutely irreducible. This proves (ii). □ 
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§4 A RELATIONSHIP BETWEEN S b (m,n) AND S° (A) 

First, we recall the definition of modified Ariki-Koike algebras and their cyclotomic 
g-Schur algebras ( |SawSj ) . 



4.1. From now on, throughout this paper, we consider the following condition on 
parameters Qi, ■ ■ ■ ,Q r m R whenever we consider the modified Ariki-Koike algebras 
(and their cyclotomic g-Schur algebras). 



(4.1) Qi — Qj are invertible in R for any % ^ j. 

Let A be a square matrix of degree r whose i-j entry is given by Q} -1 for 1 < i, j ' < 
r. Thus A is the Vandermonde matrix, and A = detA = Yli>j(Qi ~ Qj) i s invertible 
by (j4.1j) . We express the inverse of A as A^ 1 = A^ X B with B = (hij), and define a 
polynomial F^X) e R[X], for 1 < i < r, by F^X) = Y,i<j< r K xj ~ l - 

The modified Ariki-Koike algebra J^ b = is an associative algebra over R 

with generators T 2 , ■ ■ • ,T n and £i> ■ ■ ■ > £n and relations 
(4.2) 

(T i -q)(T i + q- 1 ) =0 (2 < i < n) 

(Zi-Qi)---(Zi-Qr) =0 (l<i<n) 
TiT i+1 Ti = T i+1 T{T i+1 (2<i <n), 

'/;•/• yy/; (K-j|>2), 

&£j = €jii (l<i,j<n), 
%-i = ^ - A^xf (Q C2 - Q Cl )(g - g- 1 )^^-!)^^), 

Cl<C2 

'/jO.- 7 ', {k^j-i, fi- 

ll is known that if i? = Q(g, Q x , . . . , Q r ), the field of rational functions with 

variables q,Q 1 , . . . ,Q r , J4? b is isomorphic to and it gives an alternate presentation 

of ffl apart from II .ll 

The subalgebra J4? b (& n ) of J^ b generated by T 2 ,...,T n is isomorphic to J^, 

hence it can be naturally identified with the corresponding subalgebra J^(& n ) of J^. 

Moreover, it is known by [S] that the set {^J 1 • • -^T w \ w G & n , < Cj < r for 1 < 

i < n} gives rise to a basis of J^. 

Let V = ©^ =1 Vi be a free .R-module, with rank Vi = rrii. We put m = Y^ m i- It is 

known by |SakSj that we can define a right module structure on V® n . We denote 

this representation by p : ffl 1 — > EndV® n . Note that this construction works without 

the condition (J4.1)) . Also it is shown in [5] that, under the assumption (J4.1|) . a right 

action of Jf b on 1/®" can be defined. We denote this representation by p b : Jrf? b — > 

End^® n . By Lemma 3.5], we know that Imp C Imp . 
We consider the condition 



(4.3) rrii > n for i = 1, ■ ■ ■ , r. 
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Lemma 4.2 ( |SawS| Lemma 1.5]). Under the conditions (|4.1j) . ()4.3|) . there exists an R- 
algebra homomorphism po : Jt? — ■> such that po induces the identity on J4? n . (Here 
we regard Jif n C M 1 , M'n C under the previous identifications.) //Imp b = Imp and 
R is a field, then J4? ~ . 

From now on, throughout the paper, we fix an r-tuple m = (m 1; . . . , m r ) of non- 
negative integers and always assume the condition (J4.3j) whenever we consider Jf? b . 

Any p G V n , r {m) may be regarded as an element in V n ,i (i-e, 1-composition) of n 
by arranging the entries of p = (pj) in order 

u {1) u (2) u (2) u [r) u {r) 

which we denote by {p}. 

For a = (ni, . . . , n r ) G Z> such that J^nj = n, we define c(a) by 

c(a) = Qv^r, r-1 .,r- 1 , . . . , l^^l) 

ni-timcs n2-times n r -timcs 

and let c(a) = (c ls . . . , c n ). We define F a G ^ by F a = A-"F Cl (G)F C2 (6) ■ • ■ F Cn {^ n ). 
For any p G 7^,,-, put m b = F a i^ ■ mi^x where ms^x = J2 w p&, x Q 1{w)t w (= x^) G J^. 

We define an i?-linear anti-automorphism h — > h* on ^ b by the condition that * 
fixes the generators Tj (2 < i < n) and (1 < j < n). As discussed in |SawSl 2.7], 
this condition induces a well-defined anti-automorphism on . Moreover, by Lemma 
2.9 in |SawS| . we know that (m )* = m . For s, t G Std(A) with A G "P n ,r, we define 
an element m b t G ^ b by = T^m^T^. By the above fact, we have (m b J* = m^. 

Theorem 4.3 ([SawS, Theorem 2.18]). The modified Ariki-Koike algebra is free 
as an R-module with cellular basis {m b si \ s, t G Std(X) for some A G P n ,r}- 

Put M b M = m b for /i G T-Vi,?-. We define a cyclotomic g-Schur algebra S b (m, n) 
as follows. 

Definition 4.4. The cyclotomic q-Schur algebra for with weight poset V n ,r is the 
endomorphism algebra 

<S b (m,n) = End^(M b (P n , r )), where M\V n , r ) = M^. 

fJ.£Vn,r 

For an r-tuples a G V n ,i, let M b Q = © M . a ( jtt ) =Q M^. Then by Proposition 5.2 (i) in 
|SawSj . we have S b (m, n) ~ ® a ev n 1 End as i?-algebras. 

Theorem 4.5 ([SawS, Theorem 5.5]). Let S b (m,n) be the cyclotomic q-Schur algebra 
associated to the modified Ariki-Koike algebra J$? b andS(mi, n^) be the q-Schur algebra 
associated to the Iwahori-Hecke algebra J^ ni . Then there exists an isomorphism of R- 
algebras 

<S b (ra, n)~ <S(mi,ni) <g) • • • ® S(m r ,n r ). 

(ni,...,n r ) 
n=raiH \-n r 
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Let [M, v G V n ,r and A G V n ,r- We assume that = = a(A). For S G 

7^, + (A, /x) and T G 7q + (A, z/), put 



Moreover, for S G Tq~(\, /x) and T G ^ + (A, z/), one can define (p b ST G 5 b (m, n) by 

Theorem 4.6 ( SawSl Theorem 5.9]). The cyclotomic q-Schur algebra (m, n) is free 
as an R-module with cellular basis C b (m,n) = {tp b ST S,T e 7^ + (A), for some A G 



4.7. Let 5° (A) be as in Section El We describe a relationship between the algebra 
5° (A) and the cyclotomic g-Schur algebra S^(m,n) in the case where A = V n ,r- But 
in the moment, we shall consider an arbitrary A as in Section El 



First, let C 00 (A) = {<p ST | (S,T) G /(A, 1) x J(A, 1), A G A+} c C°(A) and <S 00 (A) 



be the i?-span of <pst £ C 00 (A), which is an .R-submodule of 5°(A). We note that, 
<S 00 (A) is a two-sided ideal of S° (A) by the second and fourth formula in Lemma 
E31 Thus one can define the quotient algebra S°(A]_ = <S°(A)/<S 00 (A). We write 
x = x + iS 00 (A) {x G iS°(A)). It is easy to see that 5° (A) has a free .R-basis \jp ST \ 
S G /(A, 0), T G J(A, 0), A G A + }. Note that the condition (3, T) G /(A, 0) x J(A, 0) 

is nothing but S,T G 7^ + (A). For A G A + , let iS VA = iS V (A) A be the .R-submodule of 
iS°(A) spanned by Tp ST with S, T G 7o + («) for various a G A + such that a > A. We 
show the following. 

Theorem 4.8. T/ie algebra S°(A) has a free basis 



satisfying the following properties. 

(i) T/ie R-linear map * : <S°(A) — > S°(A) determined by Tp* ST = Tp TS; for all 
S, T G ^, + (A) ano? a// A G A + , is an anti- automorphism of S°(A). 

(ii) Lei T G Tg + (A). T/ien /or a// ^ G S°(A), and any V G Tq + (A), there exists 
r v G R such that 



Proof. To show (i) we first take a small detour. Let / : S° (A) — > S° (A) be the i?-linear 
map given by 




1 Z(d(8))+J(d(t))- rJ b 



s,testd(A) 

Ks)=S, i/(t)=T 



C°(A) = {^ 5T |S,TgT+(A), AgA+} 





ip TS if v?st £ C°(A, 0) for some A G A + , 
otherwise. 
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We claim that / is a surjective algebra anti-homomorphism. It is clear from the 
definition that / is surjective. Then, to prove the claim it suffices to show the equations 

(4-4) f( VSl T^S 2 T 2 ) = f{<Ps 2 T 2 ) ■ fifstn) 

for all Si,Ti G T + (A;), A* GA+ (i = 1, 2) and 

(4-5) /(150(A)) = l50 (A) . 

We show (14. 5|) . By applying / to (|2.4|) . we have 

/(150(A)) = Tt < s ' = ( 1 5°(A))* = 150(A) = l50 (A) 

AGA+ 5,TgT+(A) 

where * is the involution of <S(A). Hence we obtain (|4.5jl . We show (|4.4jl . There are 
three cases to consider. First, if fSiTt G ^°(A, 1) with some A G A + then ips^ '<PS 2 t 2 G 
<S 00 (A) by Lemma EH and hence f( ( fs 1 T 1 ( fs 2 T 2 ) = = f(<4>S\Ti), so we are done in this 
case. Similarly, it holds if ips 2 T 2 £ C°(A, 1) with some A G A + . So, we only need to 
check the case where (ps^ £ C°(A;,0) with some Aj G A + (i = 1,2). Let /ij, z/j G A 
with a(Xi) = a(fii) = a{vi) and Si G m),Ti G 7o(Ai,z>i) (i = 1,2). If V\ ^ \i 2 

then Lp SlTl ■ Lp S2T2 = = v?t 2 5 2 • <PtiSi- Hence we have 

/(^fifiH • fS 2 T 2 ) = = y?T 2 S 2 • V^TiSi = ^T 2 S 2 • = f(.VS 2 T 2 ) • f(<PSiTi)- 

So we may assume that Px — jM^- It is easy to see from our assumptions that a(//i) = 
a(/i 2 ). Hence, for A G A + and S G 7o(A,/xi), T G T Q (\, v 2 ), if G C°(A, 1) then 
V?ts G C°(A, 1). Therefore, by the first formula in Lemma f2. 41 we have 

(4.6) y2 SlTl - Lfs 2 T 2 = 2J rsT ' + rsT ' 

A>Ai, S,T A>Ai, 5,T 

where r$T G -R and both sums are taken over r-partitions A > Ai and semistandard 
Tableaux S G 7q(A, /xi), T G 7q(A, u 2 ). This gives us two formulas. First, we have 

(4-7) f( ( PSiT 1 -(ps 2 T 2 )= t st-¥ts- 

A>Ai, 5,T 

Secondly, by applying the involution * of S (A) on both sides, 
(4-8) Vt 2 s 2 ■ <frTs 1 = Yl r sr-^TS 

A>Ai, S,T 

cp ST eC°(x,o) 
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since in the second sum in f!4.6|) . we have ip* ST = iprs £ C°(A, 1). Comparing ()4.7|) and 
(|OJ), we have 

This proves our claim. By definition of /, we have ker / = «S 00 (A). Hence / induces 
an algebra anti-automorphism on S° (A) = S°(A)/S 00 (A), which maps Tp ST to Tp TS for 
any S, T G Tq^(X) with A G A + . Thus (i) holds. Then (ii) follows from the second 
formula of (|2.5|) by applying the natural map S° (A) — ► S° (A). □ 

In the case where iS b (m, n) is defined, <S°(A) can be identified with iS b (m, n), i.e, 
we have the following proposition. 

Proposition 4.9. Let A = V n ,r an d assume that (|4.1|) and (|4.3|) holds. Then there 
exists an algebra isomorphism b : «S°(A) — > S b (m,n) satisfying the following. For 
Tp ST G C°(A) suc/i t/iat S,T E. T i ~(\) and A G A + , we /icwe (^stY = Vst- 

Proof. By assumption, S' (m,n) is defined. Now |SawS| Proposition 6.4 (ii)] says that 
there exists a surjective algebra homomorphism / : «S°(A) — > iS b (m, n) such that 



for <^5j> G C°(A). Then ker/ = «S 00 (A) and so / induces an algebra isomorphism 
«S°(A) — > iS b (ra, n), which maps Tp ST to </?£ T for any S, T G ^o + (A) and A G A + = P„ ir . 



We now return to the general setting, and consider <S°(A) for arbitrary A. The 
above proposition says that the S° (A) is a natural "cover" of the S (m, n). 

For A G A + , Tp x = Tp T x T \ is an element in 5° (A). Hence, by the cellular theory 
|GLj . one can define a Weyl module Z of S° (A) as the right S° (A)-sub module of 
«S°(A)/«So spanned by the image of Tp x . We denote by Tp T the image of Tp T \ T in 
5°(A) /So Then the set | T G T +(A)} is a free i?-basis of Z . Define a bilinear 
form ( , )q on Z by requiring that 



for all S,T G 7q + (A). Let L = Z /radZ , where radZ = {x G Z | (x,h)q = 
for all y £ Z }. In the case where i? is a field, by a general theory of cellular 
algebras, the set {L | A G A + , L 7^ 0} gives a complete set of non-isomorphic 
irreducible iS°(A)-modules. Furthermore, we have the following result. 

Proposition 4.10. Suppose that R is a field. Then L X 7^ for any A G A + . Hence, 
{L I A G A+} is a complete set of non-isomorphic irreducible S° (A) -modules. There- 
fore, (S°(A) zs quasi-hereditary. 




We obtain the result. 



□ 



<Pt*s<Ptt* = (Vs, ^t)o • V\ mod ^0 
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Proof. We have Tp T x T xTp T x T x = (Tp T x,Tp TX )Q ■ Tp x mod S Q VX . But since Tp T x T \Tp T x T \ = 

Ip T x T \, we see that (JPt*i~Vt>)q = 1; an d so L is non-zero. In particular, «S°(A) is a 
standardly full-based algebra (see Definition in 12. 7j) . Hence Theorem 12 .81 gives us that 
S° (A) is quasi- hereditary. The proposition is proved. □ 

Lemma 4.11. Suppose that A G A + . Then there exists an S° (A) -module isomorphism 

hx : Z( A '°) — > Z suc/i i/iat /ia(^t) = V^r / or an 2/ ^ ^o + (-^)? where Z is regarded as 
an S° (A) -module via the canonical map tt : S° (A) — > 5° (A). 

Proof. Let 7r : 5° (A) — > 5° (A) be the natural surjection. Then tt maps Sq X to 
5o , hence it induces an 5°(A)-module surjective homomorphism 7f : S°(A)/Sq X —>■ 
S~ (A)/S^ X . Here Z( A '°) = <p° Tk S°(A) and Z A = <p x S~ (A) = Tp x S (A), and vf(^ A ) = Tp x . 
Hence 7f induces a surjective map /i A : Z( A -°) -> Z . Since it is easy to check that 
Tt((pj) = ~^Pt f° r an y T ^ ^o + (-^)5 ^e map h\ is an isomorphism. □ 
Combining Lemma [4.111 and Lemma 13.41 we have the following. 

Lemma 4.12. We regard Z X and W x as right S° (A) -modules via the above and via 

the restriction, respectively. Then the map fx = fx° 1 • ^ ~~ * W x , which maps Tp T 
to (fr for any T G 7^ + (A), is an injective S° (A) -module homomorphism. 

We need two easy lemmas. 

Lemma 4.13. Suppose that R is a field. For every A G A + , we regard L X as right 
S° (A) -modules via the map tt. Then S° (A) -module L is irreducible. Furthermore, 
{L | a G A+, \>a} is a complete set of pairwise inequivalent irreducible S°(A)- 
modules occurring in the composition factors of Z^ x ^ . 

Proof. By Proposition 14. 10( we have L X ^ 0. Since L X is irreducible as <S°(A)-module, 
it is irreducible as iS°(A)-module. It is clear that {L \ a G A + , A > a} is a complete 
set of irreducible iS°(A)-modules occurring in 

Lemma 4.14. Suppose that R is a field. Then, for all A G A + , we have L x ~ L X as 
S° (A) -modules. 

Proof. (The following proof is almost similar to |SawS| Lemma 6.8].) Recall the bilin- 
ear form ( , )q (resp. ( , )q) on Z^ x ' ^ (resp. on Z ) and the iS°(A)-module isomor- 
phism hx in Lemma f4. Ill We note that h^ 1 : Z — ► Z^ x ^ maps radZ onto radZ( A '°). 
In fact, it is easy to see that (ip° s ,ip^) Q = (JPs-iVt)® f° r an y S,T E Tq~(\). Hence 
h^ijadZ ) = r&dZ( x '°\ and h^ 1 induces an iS°(A)-module isomorphism L — * L x . □ 

The following result connects the decomposition numbers in Z X and in Z^ x,0 \ 

Theorem 4.15. Suppose that R is a field. Then 

(i) {Lq I a G A + , A > a} is a complete set of pairwise inequivalent irreducible 
S° (A) -modules occurring in the composition factors of the S° (A) -module Z^ X,Q \ 

(ii) For A, /i G A + , we have 

[Z X : T] = [Z^ : m. 
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(iii) For A, /i G A + such that a(A) 7^ we Ziave 

[Z A : T] = 0. 

Proof. The first and the second statement follows from Lemma \4. 131 and Lemma f4.14l 
We show the third statement. 

Take A G A + and assume that a(A) 7^ a(^) for fi G A + . Let 

= M x C M 2 g . . . C M fe = Z A 

be a composition series of Z A and assume that Mj+i/Mj ~ L M for some integer i with 
1 < i < k — 1. Note that, as in the proof of Proposition 14.101 V^tm +radZ M is a non-zero 
element of L M . Then, there exists c M G Mj+i/Mj corresponding to ^ TAl + radZ M . Take 

a representative G M i+ i C Z A of c M . Take <^ G 5° (A) (cf. (|2.3j) ). Since M i+ \ is an 
iS°(A)-module of Z , we have ■ Tp~^ G M i+1 . Moreover, c M • Tp^ corresponds to 

(Tp Tli + radZ M ) • = tpjnfi + radZ M 7^ 

Therefore, - Tp~ ^ Q. On the other hand, for any T G 7^ + (A), the type of T is not 
equal to \x since a(A) 7^ Hence, by the definition of (p^, we have ip T \ T ■ ip^ = 

for any T G 7^ + (A). This implies that x ■ Tp^ = for any x G Z , a contradiction. The 
theorem follows. □ 



§5 An estimate for decomposition numbers 

We are now ready to estimate the decomposition numbers for the cyclotomic q- 
Schur algebras. 

5.1. We keep the notation in Section HI and consider the general A. By abuse of 
the notation, S°,S°,S denotes iS°(A), <S°(A), 5(A) respectively, and M <g> S denotes 
M (8)50 S for any right <S°-module M. Suppose that A G A + and ip G S°, cp G S. Let 
gx = g : Z^' ^ S — ► ty A be the isomorphism given in Theorem 13.31 Then for any 
T G 7^ + (A), we have 

where the second equality follows from tp T \ T g 5° since T G 7^ + (A). Thus, we see that 
Remark 5.2. T/ie S-module isomorphism 

g x : Z (A ' 0) ®S^W X 

in Theorem \3.3l maps ipj, (3 <p to <Pt<P for any T G (A). 

Lemma 5.3. Suppose that A G A. Let M X ,M 2 be non-zero S°-submodules of Z^ x ^ 
with M X ^M 2 , and let l : M x ^ M 2 , l x : Mx ^ Z^, t 2 : M 2 ^ Z^ be inclusion 
maps. Then 
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(i) the S -module homomorphism i (g) ids : Mi <S> <S — > M 2 ® S is a non-zero map. 

(ii) (ti ® ids) (Mi ® <S) is a proper S-submodule of (t 2 <8> ids)(M 2 ® 5). 



Proof. Put J = t®id s , h = i^ids (i = 1, 2). Take O^ieMi. Then, by Mi C Z( A >°\ 
we may write x = X/reT+(A) r T^Pr with tt G -R. Then we have o I)(x ® 1) = 
X]tgt+(a) r T<fT by Remark I5~2l Now suppose that I(x®l) = 0. Then (<7^o/)(x®l) = 
and so r r = for any T G Tq~(\) since | T G 7^ + (A)} is a subset of the basis of 
W x . So x = 0, which contradicts the choice of x. Hence I is non-zero. This proves (i). 

Next we show (ii). Clearly, Ji(Mi <S> S) C J 2 (M 2 ® S) so it suffices to see that 
Ji(Mi ® S) 7^ J 2 (M 2 (g> iS). By our assumption, there exists a non-zero element x G 
M 2 \ Mi. Consider x ® 1 G M 2 ® 5 and, by way of contradiction, suppose that 
I%(x ® 1) G Ji(Mi ® iS). Hence there exists ?/j G Mi and ^GiS such that 

(5.1) {g x oI 2 )(x®l) = {g x oh)C^yi®^i). 

i 

Since x.yi G Z < ^ A ' ' ) , one can write x = J2t&t + (\) 7 't ( Pt an d Vi = 5]/reT + (A) r T<pT with 
rT-,r l T G -R. By substituting them into (|5.1|) . we have 

(5.2) r TfT = ^ r T<fT(Pi- 

r e r+(A) i rer+(A) 

Hence, by using the definition of ipx, we have 

(5.3) Y r T^T ~Y T TVT*TVi = *l> 

reT+(\) i rer+(A) 

for some if) G 5 vA . Take z/ G A with cx(v) = a(X), and multiply ip u on the both side of 
(15. 3|) from the right, we obtain 

(5.4) Y r T (f T x T - Y Y r T¥T*T¥i¥v = i>Wv 
TeT (X,v) i TeT+(A) 

(Recall that <p u is the identity map on M v and zero on M K with !//kG A + see 12.51 ) 
Now, by using Lemma \2. 31 and (j2.3J) . we see that (px^T^i^u is an i?-linear combination 
of elements of the form <puv where U G %(X', A) and V G To (A', z/) with A' G A + . Since 
a(z^) = a(A), this implies that ip T \ T ifiip u G S°. In addition, clearly ip T \ T G 5° for any 
T G 7o(A, i/). Hence, the left side of (|5.4|) is contained in 5°. On the other hand, since 
if) G <S vA and 5 vA is a two-sided ideal of 5, ip(p u is an element in iS vA . Comparing both 
sides of ()5.4|) . we have 1^99^ G 5° fl 5 vA = <Sg C 5q ( - A '°\ Therefore, we have 

(5.5) rT^Px^T = ^3 r l T ip T \ T i_p i i_p v mod 6>q 
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for any v G A with ctiv) = a(X). We note that tp T) , T ip i ip u = (p T \ T \ ■ ip T) , T (p i ip u with 
{p T \ T {piip u G S°. Then ()5.5j) implies that 

(5.6) r T ^° T = E t tVt* " Vt^tVMv 

tgT (\,u) i rer+(A) 



It follows that 



(5.7) Yl r ^T= E E E E E ^ 

T ^' + (A) ^(A)^^ tt (^A) 4 TeT ° +(A) 



A • ip T \ T (pi(p v . 



Put = X] W Then ip T \ T = ip T \ T ipj] for all T G ^o + (A) and, by using 

HEA, a(jj,)=a(\) 

Lemma 12.31 again, (fY.ViVv ls an -RTinear combination of elements of the form ipuy 
where U G 7^(A',/i) and V G %(X',i>) with a(fi) = a(X) = ot{y) for various A' G A + 
and [A G A. Therefore (f^fifu G <S°. We also know that ^ t a t G 5° for T G 7^ + (A). 
Combining these facts we can compute 

Substituting this into (|5.7j) . we have 

/k ox x = E r T<^T = E E E r T^r • ysViVi/ = E E^ ■ wviVu- 

(5.8) Ter+(A) ^eA i r e r+(A) ^A i 

Since <fxipiip u G 5° and yi G Mi we have yi ■ <fxipiip u G Mi. Hence x G Mi, a 
contradiction. Therefore fyx®!) G" Ji(Mi®«S), and this proves (ii). The Lemma is 
proved. □ 

Lemma 5.4. Suppose that R is a field. For every A G A + , let i : radZ( A, °) — > Z^ x '^ 
be the inclusion map. Then there exists an S-submodule N x of L x <S>s° <S such that 

(5.9) (Lq ® 5 o S)/N x ~ L A 

as S-modules. Moreover, N x is the unique maximal submodule of L x ®go S. 

Proof. By the definition of L x , for each A G A + , there exists a short exact sequence of 
<S°-modules 

► radZ( A '°) > > L x ► 0. 

This sequence induces an exact sequence of right 5-module 

radZ( A '°) ® 5 — > Z( A -°) ® 5 ► L x <g) S ► 0, 

with / = t ® idg. Further, note that radVT A is the unique maximal submodule of W x 
and L x ^ for every A G A + . Hence under the isomorphism in Theorem 13.31 there 
exists an S-submodule M ~ i&dW x of ® 5 such that Im(J) C M C z( A >°) <g> S. 
Then we have an isomorphism / : (Z^ A ' ' (g) S) /Im(J) —> L x <g> S. If we put A^ A = 
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f(M/lm(I)), we obtain ([5.9)1 . The uniqueness of A^ A follows from the uniqueness of 
radiy A and we are done. □ 

Lemma 5.5. Suppose that R is afield. For any A G A + , we regard L x as an S° -module 
via the restriction. Then S° -module L x contains I x as an irreducible submodule. 

Proof. This Lemma can be proved in a similar way as |SawS[ Lemma 6.8]. However, 
this fact itself is important for later discussions, we give here the proof. 

Recall the bilinear form ( , ) (resp. ( , )o) on W x (resp. on Z^ x ^) and the injective 
<S°-module homomorphism f\ : Z^ x ^ — > W x in Lemma 13.41 We note that fx maps 
radZ( A '°) into mdW x . In fact, by (Q, ((ps,(pr) = fa's, v4)o for an y S,T e T +(A). 
On the other hand, if S G ^o + (A, /i), T G %(X, v) \ 7q + (A, u), then a(/x) ^ ot{y), and so 

v. It follows that ip T \ S Lp TT \ = 0, and (ips, <£t) = 0. Hence /^(radZ^' )) C radH /A . 
Now /a induces an iS°-module homomorphism L A — > L A , which is clearly non-trivial. 
Since L A is an irreducible iS°-module, L x contains an irreducible module isomorphic 
to L x . □ 

We can now state our main result. 

Theorem 5.6. Suppose that R is a field. Then, for all A,/i G A + , we have 

[Z X : TT\ = [Z^ : IJq) < [W x : If}. 

Proof. Since the first equality was shown in Theorem I4.15| it is enough to see that 
[Z (Xfi) : Lq] < [W x : U>\. Let 

= M £ Mi £ • • • £ M z _! £ M, = Z (A ' 0) 

be a composition series of Z^ A '°\ and for = 0, — 1 assume that M k+1 /M k ~ Lg fe 
with some /i^ G A + . Let tk '■ M k <^-> M fc+1 be the inclusion map and put = <8> ids : 
M k ® iS — > Mk + i <S) S. Note that Ik is an iS-module homomorphism. Then we have 
an exact sequence — > Mk — > Mk+i — > Iq 1 * — > of iS°-modules. Then, we obtain an 
iS- module exact sequence 

(5.10) M k ®S — ^ M fc+1 ®5 > Lft k ®S ► 0. 

Let </ fe : M A «^-» Z( A '°) be the inclusion map and put M k = (t' k <g> ids)(M fc ® 5). Then 
by Lemma f5. 31 (i), (ii), we have a filtration of 5- module in W x 

= M ^M l ^M 2 ^---^ Mi-i g M = W x . 

We shall compute M k +i/M k for < k < I. Let / : M k+1 <g> 5 — > (<4 +1 <g> ids)(M fc+1 <g> 
S)/{i' k ® ids)(Mfc ® <S) — M.k+i/ -M-k be the natural map. Clearly, / is a surjective 
5-module homomorphism. Moreover, it is easy to see that ker / D I k {M k ®S). Hence 
/ induces an 5-module surjective map / : (Mk+i ® S)/I k (M k ® S) — > A4fc + i/.Mfc. 
Since .Mfc ^ .Mfc+i, / is a non-zero map. Note that (M fc+1 <g> S)/I k (M k g) 5) ~ 
I/Q fc ®<S by (|5.1()|1 . Hence, there exists a certain 5-submodule A4 of Lq* 5 such that 
(Z/Q fe (g) S)/Mk — M-k+i/ -M-k- However, by Lemma (5.41 there exists a unique maximal 
submodule N^ k of Lft* ®S such that (L% k ®S)/N fik ~ ZA. Since N^ k D Af k , we have 
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a surjective map 



M k+l /M k ~ (L% k ® -> (L£ fc <g> 5)/JV' 



L^. 



This proves that [Z( A >°) : l£] < [W A : L M ]. 



□ 



In the following special case, we have a more precise formula. 
Theorem 5.7. Suppose that R is a field. Then, for all A,/i G A + with a(A) = 



Proof. Assume that a(X) = ce(fi) for A, \i G A + . In view of Theorem 15.61 it is enough 
to show that [W x : IS] < [Z^ : Lft]. Take A G A+ and let 



be a composition series of W x and assume that Wj+i/Wj ~ L Mi . We regard Wi, 
L& as <S°-modules, via the restriction. By Lemma 15.51 there exists a submodule 
W[ of W i+ i containing Wi such that W[jWi ~ Lq\ Moreover, by Proposition 13.71 
Lft ^ for all [l G A + . Therefore, ^ C Recall the injective <S°- 

module map f\ : Z^' ) — > W /A given in Lemma ITU and put Mj = / A (^ (A ' 0) ) H Wi, 
M/ = / A (Z( A '°)) n W/. Then we obtain a filtration of S°-modules 

= M C Mq C Mi C Mj C ■ ■ ■ C M c _! C Ad C M c = / A (Z (A ' 0) ) 

of fx(Z^ x ' ^). Since f\ is an injection from Z^'^ to iy A , we can regard the above 
filtration filtration of Z (A ' 0) . We claim that 

(5.11) Mi ^ M[ if a(ni) = a(X). 

We show (|5.1ip . Assume that a(/ii) = a(A). Note that, as in the proof of Proposition 
IJT71 ^ + radZ^-°) is a non-zero element of Lq\ Then, there exists x Mi G W[jWi 
corresponding to </?^ Mi + radZ^^' ). Take a representative x Mi G W/ \ Wj of x^. Take 
y? Mi G 5° (cf. ()2.3|)). Since x Mi G W/ and W/ is an <S°-submodule of W A , we have 
^ih^ih e ^i- Moreover, x^.ip^. corresponds to 



Therefore, x^xp^ G W/ \ W^. On the other hand, since x Mi G Wi+i C W A , we 
can write x^ = ^ TeT()(A) r^ r (r T G fl) and hence x m <Pm = Er 6 T (A, ft ) W since 
</? w is an identity map on M Mi and is zero otherwise. By noticing a(fii) = a(A), 
we define an element y m G Z^ by y w = Y.reToix,^) r T^P%- Then we have fx{y IH ) = 

ETa,(A, tt )W = ^^. it follows that x^ g {/ A (z( A .°))n^}\{/ A (z( A .°))nw}. 

Therefore, Af< 7^ Af? and (IH7TT1) holds. 

By the claim (|5.11|) . the quotient M-/M{ is a non-zero 5°-submodule of Lq\ Hence 
M[ I Mi ~ Lq 4 . This proves that [W x : IT\ < [Z^ : Lq] for A, fi G A+ such that 
a(A) = The theorem is proved. □ 



[Z X : lT\ = [Z (A ' 0) : Lq] = [W x : Z/]. 




A 



(<pU + radZ^-°)) • <p m = cp° TN + radZ^ ^ 
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5.8. We return to the setting in 14.11 Let A = V n ,r under the condition (j4.1j) and 
(|4.3|) . For an r-partition A G V Uir , we denote by iS b vA the i?-submodule of S^(m, n) 
spanned by <p ST such that S,T G 7^ + (a) with a > A. Moreover, for an r-partition 
A G V n> r, T x G T + (A,A), and in fact T A is the unique semistandard A- Tableau of 
type A. Moreover, t = t A is the unique element in Std(A) such that A(t) = T A . Thus, 
n^ T x T x = = m \i and tp\ = ^ TXT \ is the identity map on M x . We define the Weyl 
module W x as the right iS b (m, n)-submodule of iS b (m, n)/S^ x spanned by the image 
of ip\. For each T G 7J ) + (A, / u), we denote by (p T the image of y> T x T in S (m, n)/S^ x . 
Then we know that the Weyl module W x is i?-free with basis \ T G 7^ + (A)}. 
The Weyl module W x enjoys an associative symmetric bilinear form, defined by the 
equation 

ipTXs^TTX = (<fs, <Pt)\> ■ A mod Sb VA 

for all S,T G T + (A). L et L x = W b /radW A , where radW x = {x G W x \ (x,y) b = 
for all y G W x }. By |SawS| Proposition 5.11], we know that, for all r-partition 
A G V n>r , L x is an absolutely irreducible and {L x | A G V n>r } is a complete set of non- 
isomorphic irreducible <S b (m, n)-modules. Furthermore, for A,/i G V n , r , we denote by 
[W x : L^] the composition multiplicity of L^ in W x . 

Note that the above definition of the Weyl module W x coincides with the definition 

of the Weyl module Z X when S b (m, n) is isomorphic to S® (A) under the isomorphism 
b in Proposition 14.91 Consequently, under the isomorphism b, we have [W x : Lff] = 

[Z X : L M ] for every A, /i G V U:1 



On the other hand, note that in the case where r = 1, the notation for S (m, n) 
coincides with the standard notation for g-Schur algebras discussed as in |M1| Chapter 
4]. So, we use freely such a notation. For A,/i G P n>r -, we denote by [W x(l) : L mW ] (1 < 
i < r) is defined as the composition multiplicity of L M 1 in for A = (A^, . . . , A^) 
and/i= (/i (i) ,...,/i (r) ). 

Proposition 5.9 QSawS, Proposition 5.14]). Let A = V n , r . Suppose that R is afield, 
and that (|4.1j) and (J4.3|) are satisfied. Let X, fi G V Tl . r . Then under the isomorphism 
in Theorem \4-5[ we have 



[W x : U 




ifa(X) = a{fi), 
otherwise. 



Then, combining Theorem 15.71 and Proposition 14.91 and Proposition 15.91 we have 
the following. 

Corollary 5.10. Let A = V n ,r- Suppose that R is a field, and that ()4.1|) and (J4.3|) are 

satisfied. Then, for all A,/i G V n , r with «(A) = we have 



[W x : If] = Y[[W x(l) : L 



1=1 
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